Stat 455 Cheat Sheet Chapter 5 Waiting Time
Exponential Distribution Sn = Xiy Ti ~gamma(n,))
Chapter 3 F@) = 22T 2 >0 ) Chapter 6

F(z) = [T f(z)do =1 — e~ A®
E[X] =1/A Continuous Time Markkov Chain

Conditionals 2 2
B[X“] =2/x {X(t),t > 0}Vs, t > 0, non-neg ints i, j, z(u), 0 < u < s has

discrete pmf P(X = x)

P{X(t+s)=j|X(s) =i, X(u) =a(u),0 <u<s}
continuous pdf fx (z) = P(z < X < « + da) Memoryless RV = P{X(t+s)=j|X(s) =i}
E[X] = [ afx (z)de = ¥, eg eP(X = @) P{X >s+t|/X >t} =P{X > s} =e N
= P(ANB) Stationary Transition Probabilities
P(A|B) = —+5~ . . .
o ne Gamma Distribution A CTMC has t}]:ese if P{X(t+s)=j|X(s) =i}
Bayes: P(A) = P(A|B)P(B) + P(A|BC)P(B®) ( ) X; drawn idd ~ ezp(\) = X1 + ...+ Xpis N Fre) =g -
. . _ _ _ | P(X==z,Y=y no1 L
conditional pmf: px |y (,y) = P(X = «l¥ =v) = “pry=y; gamma(n, A) (1) = Ae” M QU CTMC Alternate Definition
BIXIY =yl = > eP(X = 2lY =y) =3p 2px |y (=IV) : . A stochastic process having these properties each time it enters state i:
B[X] = £, BIX|Y = y]P(Y = v) Comparing Exponentials proces e prop :
— [ BIX|Y = ylf d _ oo _, —A1T g, — e The amount of time it spends in that state before make a
]700 . vy (ndy PX1 < X2} Jo Iz\{xl < X2‘i{11 eiAie do transition into a different state ~ exp(\) with mean 1/v;
J§° Pl < XaIage MPde = M
Chaptel‘ 4 0 ArtAz e when the process leaves state i, it enters state j with some
Counting Process probability Pj; and
Discrete Time Markov Chains {N(t),t > 0} is a counting process if: %-i 5 0 allll "
j Pij =1 alli
Markov Property e N(t) >0
P(Xn+1P<=XJ‘X" — i Xn-1 S Xo =io) = o N(t) is integer valued Birth and Death Processes
= 1 = J n =1in i i
Markov Proprleﬁy V2 e If s < tthen N(s) < N(t) A system with n people with
P(X =j|Xn =14,...,Xg =ig) = P(X =Xy =i . .
Tr(angs'é'ﬂ) Pr]olba%mciles 0 =) Kngm =31Xn =9 o Fors < t, N(t) — N(s) equals the number of events that occur in o {An}3% the arrival/birth rate
Pij = P(Xp41 = ilXn =i) = P(X1 = j|Xg =14) the interval (s, t]

o {un};l the departure/death rate

Pk = p(x =j|Xp =i) = P(Xg =j|Xg =1
v = P(Xngh =31Xn = 1) = P(Xk =31X0 =) Independent Increments .

State J is accessible from I if P = (P(Xpn = j|Xg = i) > 0,some n > 0 vo = Ao
X LW If the numbers of events that occur in the disjoint time intervals are
2 states communicate (i < j)if they access each other independent o v =N+ oy
If 2 states communicate they are in the same class.
Any 2 classes are identical or disjoint. . e Py =1
A MC is irreducible if it has only one class. POlss_c’n Process ) i ) )
If N (i) is the number of times we visit state i, we say a state is recurrent A counting process {N(t), ¢ > 0} is a Poisson process with rate X if: o P N
if it is visited infinitely often, ie: e N(0)=0 i+l T Xy
P(N(i) > k|Xg =14) = (f;)* =1 <= lim P(N(i) > k|Xg =1
POV 2kl o.?\xo_) . (o7 A koo PING) 2 k[Xg = 1) e N(t) has stationary and independent increments o Piisy= i
fi = P(enter state i | in state i) e Number of evens in a time interval of length t is Poisson with A:
If a state is not recurrent then it is transient, f; < 1, ie : —at (AH™) o diit1 =N
limy,_, oo P(N(i) > k|Xg =4) =0 = P(N(i) = 00| Xg = i) =0 P{N(t+s) — N(s) =n}=e SR =01, ’
state i recurrent <= 352 ; P% = oo o G i =My
. ) 5 o “At(xpk nrTr ¢
state i transient <= 92, P’ < oo o P(N(t)=k) = © (I J
recurrence is a class property, a class property is one such that if state i kT ® q;; =0
has the property and i < j then j has the property too. . . , . X L ,
A D evemt 3t for o(h) Functions e Knowing q’s can give us P, but knowing P can’t give us q’s
€ =min{n > 1|Xn = j}, B[C;|Xg = j] < o A function f() is o(h) if L. . .
A state is null recurrent if E[C;]Xo = j] = oo timpy o £ = o Transition Probability Function
. 7 b L
period of a statg,d,; note that h is not o(h) Move from state i to state j in a time t later.
4= ged(n > 1: PfL > 0) Pjj = P(X(t) = j|X(0) = i) a continuous function.
Pl >0 < din Poisson Process 2 .
0 < din e N(0)=0 Instantaneous Transition Rates
state is aperiodic if its period is 1. ; )
A MC is ergodic if it is positive recurrent and aperiodic. e The process has stationary and independent increments Pij(t) = P{X(t + s) = j|X(s) = i}
For an irreducible and ergodic MC limp oo P} = w; is independent of q;j = v;Pjj is the rate, when in state i, at which the process makes a
i J e P{N(h) =1} = Ah + o(h) transition into state j.
7 is the solution of m; = 362 m; Py e P{N(h) > 2} = o(h) vi =35 vilij = X5 aij
note ° (i =1 pi,qu:L
j=0T"j ) o P(N(h) =0)=1=\h+ o(h) 3T v TS Ay
m; are the limiting probabilities. Put them in a vector (r1,...,7;) and T; is the holding time in state i ~ eap(—v;)
that is your stationary distribution. : ) _ vk
A MC is reversible wrt {m = i};cg <= m;P;j = m;Pj; this is the local POISSOI(I )Process 3 P(T; > h) = et
N(0) =0
balance equation ® Ch N
; _ ; ver . apman-Kolmogorov Equations
For Xy a Markov Chain, Yn = X_p, is the reverse process. e N(t) counts # of events that have occurred up to time t. p & q
Define the mean return time to be mj; = inf{n > 1|Xn = j} Pij(t+s) =272 g Py (t)Pgj(s), Vs, t >0
L ond 1 e Times between evens are iid ~ ezp()) =
TM 55 = an: TS = =
J°773 J C. 3
j . . Kolmogorov’s Backward Equations
Kolmogorou Equations Interarrival Time ,
P =P P [ = . g . — v, P
(TL"_JH’") oo(") n(’"zn Tpis the time between the (n — 1)st and nth events. {Ty } is the Pij(#) = Zpesti 9k Prj (8) — v Pyj ()
Py =XkZo PiLPrj sequence of internarrival times with T, ~ exp(\) Kol R d .
— — _ .= At
PR Z P (X = 51X = ) = P(Ty > ) = P(N(t) = 0) = e olmogorov’s Forward Equations

e
Xs P(Xp41 =3lX1 =5, Xg =) P(X1 = s|Xg = 1) P(Tn > 1) =e P{j(t)=2k¢j A Pig (£) — vj Py (t)



Limiting Probabilities

Pj = limg_, o0 Pij (t) The limiting probs will exist if
e all states communicate
e the chain is positive recurrent

Use that to get:

v P =Ygt dkj P all states j
(leaving = entering)
Yj Pj = 1 In the discrete case @ may exists but limiting probabilities

may not (if discrete chain is not aperiodic)
In the continuous case there is no similar problem, if 7 exists it is unique
a and the above limit holds.

Embeded Chains
{X(t)}4>0 & CTMC
7 - stationary distribution of X
1 - stationary distribution of the embedded discrete time MC
P L B Vo |
7 ies mivi' 7 ies ¥ilvi
¢ - long run proportoin of transitions that CTMC makes into state j

1/v j - average time it stays in state j
Yj/vj - long run proportion of time the CTMC spends in state j
Note: 9 may exist and m may not!

Local Balance Equation for CTMC

T;di; = T;jqj; means rate of flow from i to j = rate of flow from j to i

Time Reversability

For a long running MC, the amount of time the process spends in state i
is also exponentially distributed with rate v;. We have the discrete time
reversed chain:

Qij = LPJI and then
mi Py = PJ,LV”L
Piqij = Pjaq;;Vi, j
Chapter 8
Definitions
L average # of customers i
LQ average # of customers waiting in queue
w average amount of time a customer spends in system
W, average amount of time a customer spends in queue
E[S] average amount of time customer spends in service
N(t) number of customer arrivals by time t
Pp, number of customers in system at time t

=lim¢_, oo P{X(t) = n}

e aka limiting/longrun/steady state probability that

n customers are in the system
e also long run proportion of time that the system
contains n customers

Xa average arrival rate of customers

= limy_, oo B

e t

an proportion of custs that find n in the system when arriving
dn proportion of custs that find n in the system when leaving

Littile’s Formula
L=XaW Lg = XaWg

Poisson Model

Poisson arrivals see time averages.

M/M/1

Customers arrive according to a Poisson process with rate X\. The time
between successive arrivals are independent rv with mean 1/X. If server
free, cust goes in, else into queue. Service times are ~exp(u).

Balance Equations:

ie Pp = an.

APy = pPy
A+ w)Pn = APy _1 +nPpiy
P1=AP0
nt1
n+1:)\Pn+(Pn*ﬁ n— 1)2(%) P
n P,

1=352 OPn— 0(“) Po=ﬁ°r

—1_ 2 AN A
= Pp=1 (u) u)

L=X3gnPy = uik

_ L _ _1
W=3x=1=x

_ _ _
Wo =W = B[S =W —1/n= 2y
Lo =AWy = —22
Q= QT ur—x)

M/M/1 - Finite Capacity

Now we have the limitation that n < N.
Balance Equations:

APy = pPy

A+ w)Pp =APp_1 +uPpi1,1<n<N—1

uwPp = AP, _ 1 , for state N
Py = %PO
Ppy1 = %Pn + (Pp — %Pn,l),l <n<N-1
DN — (2N
Py =2Py_1...= (u) Py
_ _ AV p 1=/ NtD
172%0:01371*1302%0:0(,7) =Py =S wm
1-X\/p _ /" A=X/p)
= Py = , Py, m=0,...,N
0T TS NFT [EGVINE ER I ’
N A—=X/p) P
L= Py = P
Y=o nPn = T X7 NI o ()

Z AN O/ N (N O/
(h=2)A—-(A/m N+
To find W we consider 2 cases.

Aq = X if “customers in system” includes those who never get in
Aa = A(1 — Ppy) if it does not. Either way we get:

— L
W = pos

PASTA

Poisson Arrivals See Time Averages

Let {X;};>( a continuous-time Markov chain with stationary
distribution 7. Let T; be the arrival time of the it/
elements arrive according to a Poisson process.
Then {X(Tn)}y>(p has 7 as a stationary distribution.
aj =m;

Other useful stuff
o n o_

Sptone" = G ss

X ~ Bernoulli(p) means that you have an even with probability of

success p.

element. These

X ~ geometric(p) means X is the number of Bernoulli trials until success.

p(n) =p{X =n}=(1-0)""1p
X ~ binomial(n, p) X is the number of successes in n trials.

p(i) = (3)pi1 - pnt

Infitesimal Generator: G
gi]- = q” ,iFE g
— (note: on last 2 lines, entries not probabilities
[P’(t)] = [GP()];;
Pr(t) = GP(t)(K s dederdh eqn)

Pi(t) = P(t)G (K’s forward eqn)

P(t) = et = yoo0 (0O

F Z

Stationary Distribution for a CTMC
= wP(t)

r=1

If the initial distribution of X (0) is 7 then the distribution of X (t) will
also be m, ¢t > 0. (P(X(t) = j) = n;Vj € S,t >0

Yiespij(t)my =7

Global balance equation for CTMC

0=7G
vjm; = Nizj ;57 this is the jth row of the matrix

= long run rate out of j = long run rate into state i

7; long run proportion of time that process in in state j.

vj rate of leaving state j

iU long run rate of leaving j

Tidig

long run rate of going from state i to j






